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Abstract 

The neutrino-gravitational field is divided into fourteen distinct classes. This classification 
is shown also to determine the class of the space-time. Then for four particular classes of 
space-time, necessary and sufficient conditions on the concomitants of the Ricci tensor 
are given for it to admit a neutrino field. It is further shown that for three of these classes 
the neutrino field is determined uniquely by the metric of space-time. 

1. Introduction 

Wheeler (1960) has pointed out that the outstanding problem in 
geometrodynamics is to find out whether neutrino fields are included in that 
theory. In the same way as in the Rainich theory for electromagnetic fields 
what is required is to find necessary and sufficient conditions on the Ricci 
tensor for it to admit a neutrino field. Then given the metric tensor, and 
hence the Ricci tensor, we need to show that the neutrino field is defined 
uniquely. This scheme has still not been established. In fact the energy 
momentum tensor of  the neutrino field is of  such a form that a complete 
Rainich-type theory would be extremely complicated. In this paper we 
present a restricted theory. We first give a suitable classification of  the 
neutrino gravitational field and then give a complete Rainich-type theory 
involving concomitants of  the Ricci tensor for a number of  particular 
classes. 
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The nota t ions  used in this paper will be the same as those used in  Grifl]ths 
& Newing (1971a). 

2. Classification 

Plebanski  (1964) has obta ined a classification of  the trace-free energy 
m o m e n t u m  tensor according to its eigenvalues and  eigenvectors. This  is 
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Figure 1.--Plebanski classification of the trace-less energy momentum tensor. This is 
given in Plebanski's notation. The eigenvalues are described inside the square bracket. 
The symbol Z is used to represent a complex eigenvalue. The symbol T, N or S is used to 
represent an eigenvalue with which is associated respectively a time-like eigenvector, no 
time-like eigenvector but a null eigenvector, or only space-like eigenvectors. The number 
sometimes placed before these symbols denotes the number of times an eigenvalue is 
i~epeated if more than once. The numbers outside the square brackets are the indices of 
nil-potency in the same order in which the eigenvalues are given. Where there is no 
ambiguity these are replaced by the sum of the indices of nil potency. The arrows indicate 
degenerations. Here we have used full arrows to denote degenerations caused by two 
distinct eigenvalues becoming the same and dotted arrows to denote degenerations 

caused by a decrease in the order of the minimal equation. 

given in Fig. 1. Since the trace of the neut r ino  energy m o m e n t u m  tensor is 
zero, Plebanski ' s  method  may be used immediately to classify the neut r ino  
field. It  can be seen f rom Fig. 1 that  Plebanski  has distinguished fifteen 
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classes. However the class [4T]~ is the case of empty space. Neutrino fields 
may be contained in the remaining fourteen classes. This has been shown by 
Griffiths (1971). 

Einstein's field equations for neutrino gravitational fields may be written 
in suitable units as 

R~,,, = -Eu~ (2.1) 

since the trace of the neutrino energy momentum tensor is zero. The first 
Rainich-type condition on the Ricci tensor for it to admit a neutrino field 
is therefore 

R ~  ~ = 0 

In the following work this condition will be assumed to be satisfied, 
Now since the Rieci tensor is trace-free it may be classified according to 

Plebanski's method. The class of the Rieci tensor will then determine the 
class of the neutrino field. According to the approach of geometrodynamies 
we must start with the Ricci tensor. We can immediately tell to which 
Plebanski class this belongs. Then depending on the particular class we may 
be able to find further conditions on the Ricci tensor for it to admit a 
neutrino field. In the next section we show how this may be done for four 
particular classes giving conditions which are both necessary and sufficient. 

3. Conditions for the Neutrino Field of  Some Classes 

We will only consider fields belonging to the four classes [ 2 N -  $1 - $214, 
[ 2 N -  2S](2_1), [ 3 N -  S]3 and [4N]z. If  the Rieci tensor is of one of these 
classes it will possess three eigenvectors, There will be a null eigenveetor Lu 
corresponding to the eigenvalue N and two space-like eigenvectors Xu and 
Yu corresponding to the eigenvalues S~ and $2 respectively. The eigenvectors 
are assumed to be normalised so that 

L~,L ~' = O, X~, X ~ = -1 ,  Y~ Y~ = -1  

L~, X ~ = O, L~ Y~ =-- O, X~ Y" = 0 

From these three vectors it is possible to build up a null tetrad Lu, N.,  M m 
3~t u where Nu is defined such that L~ N ~ = 1, N~, X ~ = 0 and N~ Y~' = 0, and 
Mu = (1/a/Z) (X ,  - iY~) and 3~r u = (l/a/2) (X ,  + iYu). M~ and 3~t. are 
chosen so that the tensor (LM~I . -  MuLv ) is self-dual. Such a tetrad is 
defined uniquely just from a consideration of the Ricci tensor. In the cases 
where $1 = $2 the space-like eigenvectors are not defined uniquely, but this 
lack of uniqueness is not significant. 

The Ricci tensor for the classes considered may be expressed in the form 

R ~ , ~ = a L v L ~ + N ( L u N v + N u L , ) - S ,  X u X , - S 2 Y t ,  Yv, av~O 

Since the Ricci tensor is trace-free the sum of the eigenvalnes wilt be zero, i.e. 

2N + Sl + $2 ~-- 0 
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Now the energy momentum tensor of the neutrino field for these classes 
may be put in the form 

Euv = 2i(~ - y )  l u lv + i(ct - -  f l  - ~) (I u m~ + m s I.) 

- i ( ~  - fl  - r ) ( l u ~ v  + rfiul~) + 2 to ( lun  ~ + n u l  ~ + m . f f l ~  + r e . m y )  

+ 2 i ~ m  u my --  2 i~ t~  u my  

where l~, nu, m~,, rh~, is the neutrino tetrad constructed about the neutrino 
flux vector 1 u, which defines a null geodesic congruence (x = 0). The Greek 
letters p (= 0 + ioJ), ~, r, r,  ~, fl, y, e denote spin coefficients associated with 
the neutrino tetrad. For the two classes [ 2 N -  S~ - $214 and [ 2 N -  2S]~2_1) 
it is always possible to make a ~b-transformation ( m s  -+ m '  u = m u + ~blu) on 
the neutrino tetrad that will make the coefficient (~ - fl - -~) zero. For a 
field to belong to the remaining two classes [ 3 N - S ] 3  and [4N]2 the 
coefficient (~ - fl - e) must be zero anyway. With this coefficient zero the 
gravitational field equations show that the neutrino tetrad may be related 
to the eigenvectors of the Ricci tensor by 

i.e. 

L . = ) t - l l ~ ,  X~,=~22(e-'~mt,+e'~rfit~), Y.=~22(e- '~mj,-e '~nS~,) 

The neutrino energy momentum tensor may now be expanded in the form 

Eu. = 2i(9 - y)A2LuLv + 2 e o ( L u N .  + N~,L~) 

+ (2co + me 2'~ - i c r e - 2 ' ~ ) X ~ , X .  + (2oJ - i~e 2'~ + hre -a'~) Yu Y~ 

+ (~e 2'+ + ,re-Z'~')(X~,  Y ~ +  Y~,Xv)  

From this it may be seen that Einstein's field equations (2.1) give us the 
conditions 

a = 2i(y 7 9) A2 

o r  

o r  

and using this 

Ja 
2,~--5 =- (9 -- Y) = m,~;0 nO rfi = (3.1) 

N = - 2 w  = i l ~ ; o ( ~ O m  ~' - m ~ ~ ' )  (3.2) 

~ e  2iq~ + t i e  -2 i~  = 0 

,~ = :t:i l,~l e eie = l~.~ m~ m O (3.3) 

S 1 = 20) z:~ 21~1 (3.4)  

& = 2 ~  T 21~1 (3.5) 
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In addition to these equations we also have the conditions 

K = 0 = l~:~lt~rn ~' (3.6) 
and 

o: fl e = O = - ( m ~ , ; O r h ~ + l o , ; t ~ n ~ ) ~  ~ (3.7) 

We also require that the neutrino equations be satisfied. These may be 
given in terms of the neutrino tetrad by 

( I t `m ~ - mt` I~);~ = m ~ l~;t, (3.8) 

It may be of interest to note that the conditions (3.2) and (3.6) may be 
replaced by the single condition on the flux vector 

V '  (--g) ~t`~,[~ l ~ U ;[J = Nit ,  

Also conditions (3.4) and (3.5) imply that 

l(~;~)l=;O l u l ~ -  lt`;=l~;ol~ l ~ = ~(S t  - S2)Z lul,, 

as a consequence of (3.6) and (3.8). These may be given in terms of  the null 
eigenvector by 

~v/(--g) r L ";~ = A-1 N L  u 

L(c~:t~)L~:I~ Lt `L~ --  L m ~ L , , ; ~ L Z  L [~ = ~ A - 2 ( S 1  - -  Sz)Z Lt `L~ 

Purely from a consideration of  the Ricci tensor the eigenvalues N, S~ and 
$2 and the tetrad Lt`, N m Mu, ~r u (and hence its associated spin coefficients) 
are determined uniquely. The field equations (3.1-3.8) may easily be 
rewritten in terms of these known quantities and the two scalars A and ~. 
These are now given in the same order. For convenience we denote the spin 
coefficients of the known tetrad by the suffix '0'. 

a 
~.~ U ~ = i(y0 - 9o) 2A (3.9) 

N = -2)~tOo (3.10) 

arg % = + -2 (3.11) 

I ol = • - & )  (3 .12 )  

Re," = 0 (3.13) 

~co=0 (3.14) 

r = i( o - f l 0  - ( 3 .15 )  

+ i~b~ L~ = 2(p o - %) (3.16) 

( ~  + i~b,~)M~ = 2(r0 - fl0) (3.17) 
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If  these equations may be satisfied for some h and 6 then the space-time will 
admit a neutrino field. These equations form both necessary and sufficient 
conditions for a space-time of the Plebanski classes [ 2 N - S  1 --J-~214, 
[2N - 2S]c2_~ ), [3N - S]3 and [4N]2 to admit a neutrino field. The argument 
may be expressed in the following way. 

If  the Ricci tensor of a space-time satisfies (3.13) and belongs to one of the 
four Plebanski classes mentioned above, a tetrad may be obtained as 
described. If  this tetrad now satisfies (3.11) and (3.14), i.e. 

Lo,;I~(M~MI3 + ~'2VI[J)=O, L,,;~L~M~=O 

(These are the eigenvector conditions L,,;~(X~Xg -- Y~ Y#)= :0, 
L~.~X~L ~ = O, L~;g Y~L/3= 0); and if the definition of )t in (3.10) and 
(3.12) is consistent and satisfies the requirements of (3.16) and (3.17) that 

A.~L ~ = A(po +/50 - eo - e0) 

and 

A~ M"  = A(3ro - fl0 - ~0) 

and if a ~ can be found to satisfy (3.9), (3.15), (3.16) and (3.17), that is if the 
equation 

[ a ]  ~.. = i ( y o  - Yo)  - -  ~-~ L. + [2OJo + i ( e o  - go) ]  N ~  - i ( %  - f ie  - e o ) M  v 

+ i(ct0 - fl0 - to) JQv 

is integrable; then the space-time admits a neutrino field. 
This is a restricted Rainich-type theory in the sense that conditions on the 

metric are found for it to admit a neutrino field of some classes. However, 
these conditions are given in terms of the concomitants of the Ricci tensor 
and not the Ricci tensor itself. 

4. Uniqueness 

If  a space-time of the Plebanski classes [ 2 N -  Sl - $214, [ 2 N -  2S](2_1) 
or [ 3 N -  S]3 admits a neutrino field then the neutrino field is determined by 
the metric. However, neutrino gravitational fields of the class [4N]z are not 
always uniquely determined. 

These statements may be verified by considering the theorems given by 
Grifliths & Newing (1971b). Since fields of these classes possess only one 
null eigenvector, this must be proportional to the neutrino flux vector. In 
this way the direction of the flux vector, is defined and for this case a non- 
unique field must have an energy momentum tensor of the form 

E.~ = Alvlv + B(Ivm,, + mul,,) + B(l~r~ v + ~ulv) 

I f  B is non-zero this does not belong to the elasses being considered. 
Therefore neutrino gravitational fields of the classes [ 2 N - $ I -  82]4, 
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[ 2 N -  2S]t2_1~ and [ 3 N -  S]3 must be uniquely defined by the metric. In 
the case where B = 0 we have pure radiation fields of  the class [4N]2 which 
admits an arbitrariness as indicated by Griffiths & Newing (1971b). 

5. Conclusion 

We have presented here a complete Rainich-type theory of  neutrino 
gravitational fields for particular classes of  the Ricci tensor. It  may be 
possible at a later date to extend this work to cover some of  the remaining 
classes as well. However the classes considered here include the classes 
which have the greatest physical interest. The class [4N]z is that known as 
the neutrino pure radiation field which has stimulated the greatest interest 
so far. Audretsch (1971) has shown that this class and [ 2 N -  2S]t~_1~ are 
the two which contain neutrino fields with causal  behaviour. All of  these 
classes also contain neutrino fields with positive energy density. 
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